In this paper, we find the least value α and the greatest value β such that the double inequality
Introduction
respectively. In here, sinh - (x) = log(x + √ x  + ) is the inverse hyperbolic sine function. Recently, the means P, M and Q have been the subject of intensive research. In particular, many remarkable inequalities for these means can be found in the literature [-] 
arithmetic, second Seiffert and contra-harmonic means of a and b, respectively. Then it is known that the inequalities
hold for all a, b >  with a = b. Neuman and Sándor [, ] proved that the inequalities
,
hold for all a, b >  and x, y ∈ (, /] with a = b and x = y. 
/ log . Jiang and Qi [, ] gave the best possible parameters α, β, t  and t  in (, /) such that the inequalities
hold for all a, b >  with a = b and p ≥ /, where
Inspired by inequalities (.) and (.), in this paper, we present the optimal upper and lower bounds for the Neuman-Sándor mean M(a, b) in terms of the geometric convex combinations of the first Seiffert mean P(a, b) and the quadratic mean Q(a, b). All numerical computations are carried out using Mathematica software.
Lemmas
In order to establish our main result, we need several lemmas, which we present in this section.
Lemma . The double inequality
holds for x ∈ (, ).
Proof To show inequality (.), it suffices to prove that
From the expressions of ω  (x) and ω  (x), we get
where
Therefore, inequality (.) follows from (.)-(.), and inequality (.) follows from (.)-(.) and (.).
Lemma . The inequality
Proof Let x ∈ (, ), then from (.) we have
Therefore, Lemma . follows from (.).
Lemma . The inequality
holds for x ∈ (, .), and the inequality
holds for x ∈ (, ), where arcsin(x) is the inverse sine function.
Proof Let
Then simple computations lead to
Note that 
Lemma . Let
.
Then the inequality
holds for x ∈ (, .), and
Proof To show inequalities (.) and (.), it suffices to prove that
for x ∈ (, .), and
for x ∈ (, ). http://www.journalofinequalitiesandapplications.com/content/2013/1/552
From the expressions of φ  (x) and φ  (x), one has
for x ∈ (, ). Therefore, inequality (.) follows from (.), (.) and (.), and inequality (.) follows from (.), (.) and (.). holds for x ∈ (, .), and
Lemma . Let
An easy calculation gives rise to 
Therefore, inequality (.) follows from (.), (.), (.) and (.), and inequality (.) follows from (.)-(.) and (.).
Lemma . Let
(  .   ) http://www.journalofinequalitiesandapplications.com/content/2013/1/552
Lemma . together with x > sinh - (x) gives μ  (x) <  and
. This in turn implies that
On the other hand, from the expression of μ  (x), we get
for x ∈ (, ). From (.)-(.) we clearly see that μ  (x) <  and μ  (x) >  for x ∈ (, ). This in turn implies that
for x ∈ (, ). Equation (.) and inequalities (.) and (.) lead to the conclusion that
. 
Main result
Theorem . The double inequality 
The difference between the convex combination of log[P(a,
where (x) and ϒ(x) are defined as in Lemmas . and ., respectively. From Lemmas . and ., we clearly see that
for x ∈ (, ), and 
